PSR J1640+2224 is a binary millisecond pulsar (BMSP) with a white dwarf (WD) companion. Recent observations indicate that the WD is very likely to be a ∼ 0.7 M ⊙ CO WD. Thus the BMSP should have evolved from an intermediatemass X-ray binary (IMXB). However, previous investigations on IMXB evolution predict that the orbital periods of the resultant BMSPs are generally < 40 days, in contrast with the 175 day orbital period of PSR J1640+2224. In this paper, we explore the influence of the mass of the neutron star (NS) and the chemical compositions of the companion star on the formation of BMSPs. Our results show that, the final orbital period becomes longer with increasing NS mass, and the WD mass becomes larger with decreasing metallicity. In particular, to reproduce the properties of PSR J1640+2224, the NS was likely born massive (> 2.0 M ⊙ ).
INTRODUCTION
Millisecond pulsars (MSPs) are neutron stars (NSs) with short spin periods (P ≤ 30 ms) and weak surface magnetic fields (B ∼ 10 8 − 10 9 G; Lorimer 2008) . They are believed to be old NSs that have been reactivated by accretion from their companion stars during the low-mass X-ray binary (LMXB) phase (Radhakrishnan & Srinivasan 1982; Alpar et al. 1982) . The mass transferred from the companion star not only causes the decay of the NS's magnetic field, but also accelerates the NS's spin period to milliseconds (see, e.g., Bhattacharya & van den Heuvel 1991; Tauris & van den Heuvel 2006, for reviews) . This recycling scenario has been strongly supported by the discovery of several X-ray pulsars with millisecond periods in LMXBs (see Patruno & Watts 2012 , for a summary), and the discovery of the transition between a rotation-powered MSP state and a LMXB state in PSR J1023+0038 (Archibald et al. 2009 ), IGR J18245-2452 (Papitto et al. 2013) , and PSR J1227-4853 (Roy et al. 2015) .
When the mass transfer ceases, some of the LMXBs evolve to be binary systems consisting of a MSP and a He white dwarf (WD). This population is called low-mass binary pulsars (LMBPs) (Tauris & van den Heuvel 2006) . Compared with LMBPs, there is another population called intermediate-mass binary pulsars (IMBPs), which contain a pulsar with a spin period of tens of milliseconds and a CO or ONeMg WD with mass ≥ 0.4M ⊙ (Camilo et al. , 2001 Chen et al. 2011) . Most IMBPs are thought to have evolved from intermediate-mass X-ray binaries (IMXBs). Because of the relatively high mass ratio (q = M 2 /M 1 > 1.5, where M 1 and M 2 are the NS mass and the donor star mass, respectively), it had been suggested that the mass transfer could be unstable, and the NS would spiral into the envelope of the donor in less than a millennium (Paczyński 1976; Webbink 1984; Iben & Livio 1993) . More recent studies showed that X-ray binary systems with an intermediate-mass donor star may avoid entering the spiral-in phase, undergoing rapid mass transfer on a (sub)thermal timescale, and eventually evolve into IMBPs (e.g., Tauris et al. 2000; Podisadlowski & Rappaport et al. 2000; Kolb et al. 2000; Shao & Li 2012) . Since the birth rate of IMXBs is significantly larger than that of original LMXBs, and since IMXBs likely evolve to resemble observed LMXBs when the mass ratio becomes less than unity, it is generally believed that the majority of LMXBs may have started their lives with an intermediate-mass donor star (e.g., Pfahl et al. 2003) .
PSR J1640+2224 is a MSP with a spin period P = 3.16 ms. It is located in a wide, nearly circular binary system (orbital period P orb = 175 days and orbital eccentricity e = 7.9725 × 10 −4 ) with a WD companion (Lundgren et al. 1996b ). These characteristics seem to indicate that this system has evolved from a wide LMXB (Tauris 2011) . According to the theoretical correlation between the orbital period and the WD mass (Rappaport et al. 1995; Tauris & Savonije 1999; Lin et al. 2011; Jia & Li 2014) , the WD companion's mass would be ∼ (0.35 − 0.39) M ⊙ depending on the metallicity. Vigeland et al. (2018) recently presented the first astrometric parallax measurement of PSR J1640+2224, based on the observations taken with the Very Long Baseline Array. Using the new distance in the analysis of the Hubble Space Telescope observation, they found that the WD mass is 0.71 +0.21 −0.20 M ⊙ and 0.66 +0.21 −0.19 M ⊙ for DA and DB WDs, respectively. The results indicate that the WD mass is larger than 0.4M ⊙ with > 90%-confidence, so it is most likely a CO WD. However, previous works predicted that most IMBPs formed from IMXBs have a spin period of tens of milliseconds and an orbital period P orb < 40 days (Tauris et al. 2000; Podisadlowski & Rappaport et al. 2000; Podisadlowski et al. 2002; Pfahl et al. 2003; Shao & Li 2012) . These characteristics are in conflict with the observational parameters of PSR J1640+2224. Therefore, the formation of this system had been a puzzle.
In this paper, we try to explore the formation route of PSR J1640+2224, paying particular attention to the influence of the NS mass and the metallicity of the donor star. The reminder of this paper is organized as follows. We describe the stellar evolution code and the binary model in Section 2. The calculated binary evolution results are demonstrated in Section 3. We present our discussion and summarize in Section 4.
BINARY EVOLUTIONARY CALCULATIONS

The stellar evolution code
All the calculations were carried out by using the stellar evolution code Modules for Experiments in Stellar Astrophysics (MESA; version number 11554; Paxton et al. 2011 Paxton et al. , 2013 Paxton et al. , 2015 Paxton et al. , 2018 Paxton et al. , 2019 . We have calculated the evolutions of a large number of I/LMXBs, adopting both Population I (X = 0.7 and Z = 0.02) and II (X = 0.75 and Z = 0.001) chemical compositions for the donor stars. For the treatment of convection in the donor stars, we employ both exponential diffusive overshooting with the parameter f ov = 0.01 − 0.016 (Herwig 2000) and a mixing-length parameter of α = 2.0 (see Section 4). In our calculations, we have considered a number of binary interactions to follow the details of mass transfer processes, including gravitational radiation (GR), magnetic braking (MB) and mass loss, which lead to orbital angular momentum loss.
The input physics
We assume that the binary initially consists of a NS of mass M 1 and a zero-age mainsequence donor of mass M 2 . The Roche-lobe (RL) radius R L,2 of the donor is evaluated with the formula proposed by Eggleton (1983) ,
where a is the orbital separation of the binary and q = M 2 /M 1 is the mass ratio. We adopt the Ritter (1988) scheme to calculate the mass transfer rate via Roche-lobe overflow (RLOF),
where H is the scale-height of the atmosphere evaluated at the surface of the donor, R 2 is the radius of the donor, andṀ
where G and c are the gravitational constant and the speed of light, respectively. The prescription of Verbunt & Zwaan (1981) is adopted to calculate the angular momentum loss due to MB,J
For IMXBs and wide LMXBs, the mass transfer rate |Ṁ 2 | may be higher than the Eddingtonlimit accretion rateṀ Edd of the NS. Thus, the accretion rate of the NS is evaluated using the following formula:Ṁ
and the mass loss rate from the binary system is:
In the case of super-Eddington accretion, we adopt the isotropic reemission model, assuming that the extra material leaves the binary in the form of isotropic wind from the NS. Therefore, the angular momentum loss rate due to mass loss can be derived to bė
where a 1 is the distance between the NS and the center of mass of the binary.
RESULTS OF EVOLUTION CALCULATIONS
We have performed calculations of the binary evolution for thousands of I/LMXB systems. We choose the initial NS mass 1.4 M ⊙ ≤ M 1 ≤ 2.2 M ⊙ and the initial donor mass 1.0 M ⊙ ≤ M 2 ≤ 4.0 M ⊙ , and set the initial orbital period 1.0 day ≤ P orb ≤ 60 days. We use exponential diffusive overshooting for the donor stars. Note that there exists a bifurcation period for the initial orbital period P bf ∼ 1 day (Pylyser & Savonije 1988 , 1989 ). If the initial orbital period is below P bf , the binary systems will evolve with shrinking orbits, possibly forming ultra-compact binaries. This kind of evolution cannot reproduce PSR J1640+2224, and will not be considered here. In addition, we exclude the evolutions with the final orbital periods exceeding 500 days.
A typical example for the IMXB evolution
We present the evolutionary sequences for a typical IMXB system that consists of a 1.4M ⊙ NS and a 3.5M ⊙ donor star with an initial orbital period P orb = 6 days in Figs -Example evolution of a typical IMXB consisting of a NS and a donor star with initial masses M 1 = 1.4M ⊙ and M 2 = 3.5M ⊙ respectively, and orbital period P orb = 6 days. The blue and red solid curves denote the evolutionary tracks for the mass transfer rate and the NS mass, respectively, and the blue dashed curve the Eddington-limit accretion rate. Fig. 1 . The green and blue curves denote the evolutionary tracks for the orbital period and the donor mass, respectively. and 2. The donor star starts to fill its RL and commence mass transfer at the age of 240.6 Myr. The mass transfer process lasts about 1.9 Myr, at a rate higher than the Eddington accretion rate (the maximum mass transfer rate > 10 −5 M ⊙ yr −1 ). In this case, most of the transferred material from the donor is lost from the binary system. Thus, after the mass transfer, the donor evolves into a CO WD of mass 0.543M ⊙ , while the NS has accreted only 0.034M ⊙ mass. The orbital period becomes smaller in the former stage of the mass transfer process due to the relatively high mass ratio (>1); when the mass ratio is reversed, the orbit begins to expand. The final orbital period is P orb = 17.8 days. Fig. 3 shows the calculated final orbital period as a function of the WD mass for different initial masses of the donor star and the NS. The yellow, green, red, and blue curves are for NSs with the initial mass of 1.4M ⊙ , 1.8M ⊙ , 2.0M ⊙ , and 2.2M ⊙ , respectively. Beside each curve we label the initial mass of the donor star. The triangles are used to denote the final systems with longest orbital periods for a give donor star, and also to distinguish different curves that overlap. The gray horizontal line represents the orbital period − WD mass distribution for PSR J1640+2224.
The
In the top panel we show the results with Population I chemical compositions. We first examine the orbital period -WD mass relation for a 1.4M ⊙ NS. In this case, it is clear to see that, for a given WD mass > 0.4 M ⊙ , the predicted final orbital period is significantly shorter than 175 days. For more massive donor star, the resultant WD is more massive, while the final orbital period is shorter. So they are obviously unable to account for the properties of PSR J1640+2224. If we increase the mass of the NS, the final orbital period becomes longer. When M 1 = 2.0 M ⊙ , it is possible to simultaneously account for the WD of mass ∼ 0.4 M ⊙ and the orbital period ∼ 175 days. Moreover, if the WD is more massive than 0.6 M ⊙ , then the initial NS mass should be enhanced to be 2.2 M ⊙ .
The bottom panel shows the results with Population II chemical compositions. It is known that lower metallicities lead to smaller stellar radius and shorter nuclear evolutionary timescale. So stars with the same mass but lower metallicities form WDs in a narrower orbit (Tauris & Savonije 1999; Jia & Li 2014) . We can see that the evolution of LMXBs containing a 1.4M ⊙ NS and a 1.0M ⊙ donor star may form PSR J1640+2224-like binaries with a 0.4M ⊙ WD companion. However, if the WD indeed has a mass higher than 0.6M ⊙ , then we still require the NS to be initially more massive than 2.0M ⊙ .
We summarize our calculated results with M WD ≥ 0.4M ⊙ and the final orbital period 170 ≤ P orb ≤ 180 days in Table 1 . It is noted that PSR J1640+2224 is most likely to have descended from an IMXB via Case B RLOF. Tables 2-5 present more general results by taking into account different initial NS mass.
Further constraint from spin evolution
Next we examine whether the mass transfer can accelerate the NS's spin period to milliseconds. The spin-up rate of the NS in a LMXB is determined by the rate of angular momentum transfer due to mass accretion,
where P andṖ are the spin period and its derivative of the NS respectively, and R 1 is the radius of the NS. Here we have assumed that the NS's magnetic field has been decayed so much that the accretion disk can extend to the surface of the NS. The amount of the accreted mass to produce a MSP can be roughly estimated to be
The actual value of ∆M could be smaller by a factor of ∼ 2 than that in Eq. (13) if considering the effect of the NS magnetic field -accretion disk interaction. Combing this with Table 1 , we notice that evolutions with Population II compositions seem to be more preferred for the formation of PSR J1640+2224. Fig. 4 shows an example of the Population II evolutionary paths for PSR J1640+2224, which are able to reproduce the observed parameters of PSR J1640+2224. The evolution of this X-ray binary starts with a 2.2M ⊙ NS and a 3.0M ⊙ donor star in a 12.3 day orbit. The left panels show the evolution of P orb , M 1 , andṀ 2 as a function of the donor mass, and the right panels the evolution ofṀ 2 and the chemical composition of the donor star. At the age of t = 236 Myr the donor star overflows its RL and transfers mass to the NS at a rate well above the Eddington-limit accretion rate. Accordingly, the mass transfer lasts ∼ 1.1 Myr, and the donor loses ∼ 3.1 M ⊙ mass. Due to the extensive mass loss, the orbital period does not decrease significantly. Then the donor star shrinks and becomes detached from its RL. The next mass transfer phase lasts ∼ 3.0 Myr with a rate ∼ 10 −7 − 10 −6 M ⊙ yr −1 . After the mass transfer, the NS has accreted material of ∼ 0.062M ⊙ . The endpoint of the evolution is a binary consisting a recycled pulsar and a CO WD with a mass of 0.616M ⊙ . 
DISCUSSION AND CONCLUSIONS
The observed properties of PSR J1640+2224, such as its short spin period (3.16 ms), high WD mass (M 2 ≥ 0.4M ⊙ with > 90% confidence), long orbital period (175 days), and nearly circular orbit (e = 7.9725 × 10 −4 ) make it distinct from other MSPs and imply something unusual in its evolutionary history.
In this work, we have attempted to explore which evolutionary channels can reproduce the observed parameters of PSR J1640+2224. To achieve this goal, we consider different NS mass, donor mass and metal abundance (Z = 0.02 and 0.001). Our mainly results are presented in Fig. 3 and Tables 1-5, and can be summarized as follows.
1. For Population I chemical compositions, when M 1 ≃ 2.0 M ⊙ , it is possible to simultaneously account for the WD mass (∼ 0.4 M ⊙ ) and the orbital period (∼ 175 days). But if the WD mass > 0.6 M ⊙ , the NS mass should be larger than 2.2 M ⊙ , and the donor star must be initially of intermediate-mass.
2. For Population II chemical compositions, the evolution of original LMXBs containing a 1.4M ⊙ NS and a 1.0M ⊙ donor star may form PSR J1640+2224-like binaries with a 0.4M ⊙ WD companion. However, if the WD indeed has a mass higher than 0.6M ⊙ , then the initial NS mass should be no less than 2.0M ⊙ , and the initial donor mass should be higher than 3.0 M ⊙ .
3. When the NS spin evolution is taken into account, the evolutions with Population II compositions seem to be more preferred for the formation of PSR J1640+2224.
Almost all of our results predict a NS of initial mass higher than 2.0 M ⊙ (see Table  1 ). It is noted that Fonseca et al. (2016) demonstrated that J1640+2224 is likely a massive NS (4.4 +2.9 −2.0 M ⊙ ) by analyzing the North American Nanohertz Observatory for Gravitational Waves (NANOGrav) 9-year data set, although there are large uncertainties on the pulsar mass.
The birth masses of NSs depend on the physical mechanisms in core-collapse supernova explosions of massive stars, which are still highly uncertain (Timmes et al. 1996; Janka 2012) . Theoretical studies do claim that NSs could be born massive. For example, by simulating neutrino-powered supernova explosions in spherical symmetry, Ugliano et al. (2012) found that the birth masses of NSs vary within a range of 1.2−2.0M ⊙ . Pejcha & Thompson (2015) also numerically investigated the possible scope of the birth masses of NSs, and found that they could be as high as 1.9M ⊙ . Sukhbold et al. (2016) presented supernova simulations for a grid of massive stars and obtained the birth masses of NSs ranging from 1.2 M ⊙ to 1.8 M ⊙ .
Observationally, super-massive NSs have been discovered in quite a few X-ray binaries and binary MSPs (Antoniadis et al. 2016 ). However, since they have experienced mass transfer processes, their current masses may not properly reflect their birth masses. For NSs in high-mass X-ray binaries (HMXBs), because they are relatively young (with an age 10 7 yr) and the efficiency of wind accretion is very low, their masses should be very close to those at birth (Shao & Li 2012) . In HMXBs, the maximum NS mass measured is 2.12 ± 0.16 M ⊙ for Vela X-1 (Rawls et al. 2011; Falanga et al. 2015) . For binary MSPs, the masses of supermassive NSs span between ∼ 2.0 M ⊙ and ∼ 2.9 M ⊙ (Linares 2019, for a recent review). For example, PSR J0740+6620 is one of the most massive NSs ever accurately measured, with a mass 2.14 +0.10 −0.09 M ⊙ (Cromartie et al. 2019) , a spin period of 2.88 ms and a He WD companion of mass 0.26M ⊙ . These parameters mean that PSR J0740+6620 should have experienced extensive mass accretion during the LMXB phase, so its current mass may not represent its birth mass. However, recent studies suggested that mass transfer in LMXBs is likely to be highly non-conservative even at sub-Eddington mass transfer rates (e.g., Tauris et al. 2011; Lin et al. 2011; Antoniadis et al. 2013; Fortin et al. 2016) . Our results show that, even with Eddington-limited accretion, a super-massive newborn NS is still required, at least for PSR J1640+2224.
We need to mention that our results are subject to several uncertainties, such as the treatment of convection in the donor star and the accretion efficiency during the mass transfer process. The convective overshooting parameter plays an important role in our work. Up to the present time two standard methods are used in modelling overshooting in numerical calculation. The first one is based on a simple extension of the the convectively mixed region above the boundary defined by the Schwarzschild criterion. This extension l ov is parameterized in terms of the local pressure scale height H P at the boundary,
where α is the convective overshooting parameter. In this model, various attempts have been undertaken to constrain the value of α. Schröder et al. (1997) derived it to be 0.25 and 0.32 for stars in the mass range of (2.5 − 7) M ⊙ for eclipsing binary stars. Ribas et al. (2000) and Claret et al. (2007) found that the value of α is in the range of 0.1 − 0.6, and the amount of overshooting increases systematically with the stellar mass. Saio et al. (2012) used asteroseismic analysis and obtained α = 0.1 − 0.3 for β Cephei stars (with mass M ≥ 8 M ⊙ ). Degroote et al. (2010) analyzed the period space of SPB star HD 50230 (M = 7 − 8M ⊙ ) and suggested that the overshooting extent of the convective core is about (0.2 − 0.3) H P . Pápics et al. (2014) analyzed the period spacings of KIC 10526294 (M = 3.25M ⊙ ) and suggested that α is less than or equal to 0.15.
In an alternative approach, convective overshooting is considered to be a diffusive process with a diffusion parameter
where z is the radial distance from the formal Schwarzschild border and f ov is a free parameter, D 0 is set as the scale of diffusive speed and derived from the convective velocity obtained from the mixing-length theory and taken below the Schwarzschild boundary (Herwig 2000) . Herwig (2000) investigated the evolution of AGB stars with convective overshooting and set the diffusive convective parameter f ov = 0.016, which is widely adopted. Moravveji et al. (2015) analyzed KIC 10526294 with both the step function overshooting and exponentially decreasing overshooting, and found that the latter is better than the former for interpreting the observations with f ov = 0.017 − 0.018. Moravveji et al. (2016) obtained f ov = 0.024 ± 0.001 for KIC 7760680. Based on the k − ω model, Guo et al. (2019) concluded that f ov is about 0.008 for stars in the mass range of (1.0 − 1.8) M ⊙ .
In Table 6 , we compare the calculated results for I/LMXB evolution with different overshooting parameters (α = 0.2, 0.335 and f ov = 0.016). The initial NS and donor masses are taken to be M 1 = 2.0 M ⊙ and M 2 = 2.5 M ⊙ , respectively. From the results in Table  6 , we conclude that the overshooting model with α = 0.2 is nearly same as the diffusive overshooting model with f ov = 0.016, and that increasing the value of α to 0.335 would result in more massive WDs and shorter orbital periods with the same initial parameters.
In Fig. 5 , we compare the details of the evolution (R 2 ,Ṁ 2 , P orb , M 1 and M 2 ) for an IMXB with different overshooting parameters. The initial orbit period is set to be 5.35 days. The evolutionary tracks with α = 0.2 and f ov = 0.016 are nearly identical, while for α = 0.335 RLOF starts ∼ 60 Myr later than the others (panels (a) and (b)). In general, larger overshooting parameter produces a more massive core, less mass loss and smaller accreted mass by the NS (panel (d) ).
In summary, PSR J1640+2224 was likely born massive, and this conclusion seems not sensitively dependent on the treatment of convective overshooting with reasonable parameters. 
